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A model has been developed for the collapse of an interstellar cloud with turbulence.
The differential equations which describe the evolution of the cloud include ionic and
dust cooling and also the dissipation of energy due to the collision of turbulent elements
moving at supersonic speeds. Under some conditions the collision of two elements can
give rise to a star and the rate of star formation and the mass of the stars formed changes
as the cloud collapses. The pattern found is that the stars first produced have masses of
about 1.4 M, and the masses get less as star formation continues. Stars produced by this
mechanism have little associated angular momentum. Some of the stars which happen
to move in high density regions of the cloud may increase their mass greatly by accre-
tion; these stars will be the more massive stars and they will also rotate most rapidly,
a theoretical prediction which agrees with observation. On the basis of the model the
proportion of stars which would have planetary systems is estimated. This shows that
there should be of order 109 planetary systems per galaxy.
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220 M. M. WOOLFSON

1. INTRODUCTION

Important contributions have been made to the topic of star formation by, amongst others,
Hayashi (1961), Bodenheimer (1968), Larsen (1969), Disney, McNally & Wright (1969) and
Hattori, Nakano & Hayashi (1969). This, and other work related to stellar evolution, is the
subject of review papers by Hayashi (1966), Tayler (1968), McNally (1971) and Bodenheimer
(1972).

Much of this activity has been concerned with the evolution of protostars. The starting
point for such studies is a sphere of gas and dust of mass 0.1-10 M or more at density typically
10~1%kgm~% and temperature mostly in range 8-50 K. Thesc studies show that initially the
contraction is almost free-fall, with cooling by dust grains and perhaps also by the excitation and
ionization of various molecules and atoms. As the collapse proceeds to higher densities so the
opacity of the protostellar material increases leading to a build up of temperature and pressure
within the protostar. Eventually the star rcaches a state of quasi-equilibrium where the collapse
rate is governed by the rate at which it radiates energy. The internal temperature rises until
nuclear processes are initiated and soon thereafter the star enters its main-sequence stage.

While there are differences of detailed approach by various workers, there is general agreement
about the important features and the final outcome, a star on the main sequence, is common to
all such theories.

Less attention has been paid to the way in which the protostar comes into being in the first
place. The basic ingredient for protostar formation is interstellar material with density
10-21kg m-3, The first stage in the process is the separation of clouds of density significantly
higher than the background interstellar density. An indication of how this could come about
has been given by Field, Goldsmith & Habing (1969). Since the heating of the interstellar medium
by cosmic rays is independent of density and tempcrature but cooling processes are both density
and temperature dependent then for stable thermal equilibrium at a given pressure there exist
two scts of conditions, one of lower density and higher tempcrature and the other of higher
density and lower temperature. This is a bistable system; with the background interstellar
medium as the lower density, higher temperature region, then some influence, such as a slight
excess of dust in a particular volume of space, could trigger off the formation of a higher density
and lower temperature region. Such a region, once formed, may be capable of spontaneous
collapse under self-gravitational forces if its total mass exceeds the critical value indicated by
Jeans’s criterion (Jeans 1902).

The problem of the separation of a protostar from the collapsing cloud has given rise to a
number of different ideas. Hoyle (1953) described the process of fragmentation of a collapsing
interstellar cloud bascd on the idea that as the density increased so smaller masses were required
to satisfy Jeans’s criterion. A hierarchy of fragmentation processes would eventually lead to
stellar size collapsing cloudlets, which would be identified as protostars. This simple view of
fragmentation was challenged by Layzer (1964) who arguced that, since the fragments would
have the same density as the cloud as a whole, the frec fall time of the subunits and of the com-
plete cloud would be the same and that no separation into stars would result. This result has,
in turn, been disputed by Disney, McNally & Wright (1969) who have studied the linear wave
flow collapse of an interstellar cloud by numeral analysis. These workers have shown that any
small density perturbation would grow, a conclusion agreeing with that of Hunter (1962, 1964),
and they conclude that a collapsing cloud has an inherent tendency to fragment.
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STAR FORMATION IN A GALACTIC CLUSTER 221

There should also be mentioned the important ideas contained in McCrea’s (1960) floccule
theory for the formation of planetary systems. McCrea considercd as of central importance the
observed slow rotation of the sun and of many late type stars. In the floccule model the collapsing
cloud is represented by a large number of high-density regions of about planetary mass moving
randomly in less-dense background material. These floccules coalesce when they collide and with
reasonable values for various parameters of the model it was shown that, due to the operation of
\/n statistics, a resulting star of solar mass would have angular momentum consistent with obser-
vation. Small aggregations of floccules left in orbit around the central star would give rise to a
planetary system. In McCrea’s model the randomly moving floccules represent turbulence within
the collapsing cloud.

Another intcresting piece of work involving fragmentation, albeit on a galactic scale, is due to
Grzedzielski (1966). The fragmentation of a pre-galaxy is described in terms of the effects of
random plane shock waves which compress material to densitics at which it can spontaneously
collapse.

In this paper echoes of McCrea’s and Grzedzielski’s work will be detected.

2. OBSERVATIONAL BACKGROUND

Clusters of stars arc of two distinct types: globular clusters containing 105-10% stars and galactic
clusters with 102-10% members. Individual stars occasionally leave clusters and a typical lifetime
for a galactic cluster is in the range 0.1-1 Ga (Chandrasckhar 1960). Whilst it cannot be stated
with certainty that all stars, or even most stars, are born in clusters, the presence of many
thousands of clusters of stars show that there exist conditions which are conducive to the forma-
tion of stars in associations.

Once a star reaches the main sequence its appcarance and properties are virtually constant
over a long span of time. However in a young cluster, where many stars are in a pre-main-
sequence stage and developing rapidly, it is possible to infer something about the timescale and
sequence of events in the processes of star formation. Hayashi (1961) has calculated theoretical
tracks of pre-main-sequence stars of various masses on the Hertzsprung—Russell diagram, and
positions on the H.-R. diagram correspond to a unique mass and age. Making usc of these tracks
Iben & Talbot (1966) and Williams & Cremin (1969) have analysed the observational data from
a number of young stellar clusters. The conclusions of the latter workers are illustrated in figure 1.
In figure 14 the mass-age correlation for the galactic cluster NGC 2264 is shown and the clusters
NGC 6530, IC 2602 and IC 5146, give similar rcsults. The earliest stars are of mass somcwhat
above one solar mass and, later, stars both less and morec massive are formed. Two streams of
development with a period of bifurcation about 5 Ma ago seem to be indicated. Another deduc-
tion from figure 14 is that the rate of star formation is slow at first but steadily increases with time.
A smoothed-out age to frequency diagram is shown in figure 15. A final relation which we may
note in figure 1¢ is the mass function, f (M), the number of stars per unit mass range. Except for
low masses the distribution appears to be:

S (M)oc M—25, (1)

and the mass index agrees tolerably well with the value usually quoted of about —2.3.

While there may be some uncertainties about the results quoted by Williams & Cremin, which
16-2
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FIGURE 1. (a) Stellar mass against age for the cluster NGC 2264. (b) The rate of star formation for NGC 2264.
(¢) The mass distribution function for: , NGC 6530; —+ —, IC 5146; ——~—, NGC 2264; ...., IC 2602.

are dependent on the assumed theoretical model, there seems to be little doubt about the general
sequence of events in star formation in a galactic cluster which a satisfactory theory would need
to explain.

3. THE COLLAPSE OF A CLOUD WITH TURBULENCE

It must be stated at the outset that the model is presented with many simplifying assumptions.
As a first approach, the philosophy followed was to remove all possible complications in order to
obtain a feeling for the réle that various features were playing before attempting any more
complicated modelling. In the event, the results obtained seemed sufficiently interesting and
significant to be presented in their own right before further analysis was attempted.

We start with a homogeneous spherical, non-rotating cloud of gas, with some turbulence, in a
state of uniform homologous collapse. The cloud parameters are: mass M, radius R, temperaturc
6, radial speed of surface material R and mean-square turbulent speed #? (= ¢).

The virial theorem gives:

3 = 2Ty 42T+ 8(y — U + 2 (2)
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STAR FORMATION IN A GALACTIC CLUSTER 223

where, for a uniform sphere, the moment of inertia about the centre of mass
I=3MR?, (3)
T; and T3 are the kinetic energies associated with linear wave flow motion and turbulent motion

respectively, U is the internal energy of the gas, y the usual ratio of specific heats and £ the total
potential energy of the sphere given by

Q= —3GM?/R. (4)
For the sphere in uniform collapse :

1) = {5 MR? (5)

and we also have Ty = §Me. (6)

The remaining term on the right hand side of (2) is twice the translational component of the
internal energy given by
3(y—1) U = 3MkO/m (7)
where £ is Boltzmann’s constant and m the mass of a gas molecule.
Substitution from equations (3) to (7) into equation (2) gives
55 k0  5e GM :
= 5 — va———— — 8
R=5ort 3R T (®)
The first two terms on the right hand side of equation (8) represent thermal pressure and
turbulent pressure forces which inhibit the collapse of the cloud, while the final term is the self-
gravitational force which tends to induce collapse.
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FiGURE 2. (a) Velocities chosen randomly from a Maxwellian distribution on a two-dimensional grid.
(b) After three stages of ‘velocity sharing’ local correlation has been introduced.

4. A MODEL OF TURBULENCE

The next part of the analysis involves energy transfer within the cloud and between the cloud
and the environment. However, we must first consider how turbulence is to be modelled. Figure
2a represents a random velocity field, with Maxwellian distribution, in two dimensions. The
velocity at each point isreplaced by aweighted average of itself and the velocity at all surrounding
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224 I M. M.WOOLFSON

points with a weight which falls off with distance (Aust 1973). After three stages of the same
process we obtain the velocity field shown in figure 25. The effect has been to introduce local
correlation; this leads to the idea of a correlation distance and what is proposed here is that this
is strongly related to the Jeans diameter corresponding to the density and temperature of the
cloud.

The actual model used for turbulence is to consider the whole sphere of gas as a conglomerate
of closely packed spheres, each with the Jeans radius R;. All spheres, considered as turbulent
elements, are taken as having the same speed, “ with respect to the local average velocity, but in
a random direction.

5. THE TURBULENCE EQUATION

We shall now be concerned with the way in which gravitational potential energy is trans-
formed into other forms of energy.

As the cloud collapses so there will be changes in 2, 7; and T} with gravitational energy feeding
the other two. Some turbulent energy is dissipated in the collision of turbulent elements at a rate
Q: per unit mass. A further part of the gravitational energy does work in compressing the cloud
material and for homologous collapse the rate of doing such work per unit mass is readily found

to be
3k0 .

We may now write the equation for energy conservation as

Q+Ti+Ti+ M(Q+Q0) = 0 (10)
3GM? . 3MkO
or g R+ EMRR + }Mé———— R+ MQ: = 0.
Substituting for R from equation (8) gives
é=—2—€R—2Qt. (11)

R

Inorder for turbulence to be generated within a collapsing cloud there must be some turbulence
present in the first place. Such initial turbulence may be induced in an interstellar cloud by an
external influence, for example radiation from nearby stars, an inter-cloud collision or a super-
nova explosion.

6. ENERGY LOSS BY TURBULENT COLLISIONS

It will be found later that, for all but a short period, the turbulence will be supersonic. Figure 3
illustrates the head-on collision of two turbulent streams at a plane interface. The speed of the
oncoming streams is w and a shockfront travels back from the interface into each stream at a
speed v, the material being compressed and heated in the process.

The timescale for cooling of the heated material is too long to affect the process of shock com-
pression (Kaplan 1966) but cooling does take place quite quickly after the passage of the shock
wave. Indeed, in a private communication Aust (1978) asserts that, owing to the density de-
pendence of cooling processes, the compressed material eventually cools to a temperature below
that before compression. After compression the turbulent elements re-expand to their original
density (or nearly so) but comparatively slowly and isothermally. By adapting some results due
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STAR FORMATION IN A GALACTIC CLUSTER 225
to Aust (1974) the loss of energy per unit mass in compression plus reexpansion may be shown
tobe kO(1 [(v\2 _wv Pa k

B=el () +2% ] -m () )
where z—}= —-(37;1/)%)+ [(Z%:—l)zf—:+')’r, (13)
Palpy = (v+w)fo, (14)

and ¢ is the speed of sound in the uncompressed material.

shock
front

interface

Ficure 3. Material moving towards the collision interface at supersonic speed w produces shockfronts moving
at speed v. The material is compressed from density p, to density p, by the collision of the turbulent streams.

A characteristic timescale for collisions, £, may be defined, which is the average interval
between the involvement of any element of material in successive collisions. The rate of loss of
thermal energy per unit mass then becomes

gt = Ei/te. (15)

If all the turbulent elements in the collapsing cloud collided head-on in pairs then, with w = u,
g1 would give the quantity @y in equation (11). In practice there would be oblique and multiple
collisions but the rate of loss of energy should be of the same order as ¢; and we write

Qt = By, (16)

where f is a constant representing the uncertainty of the collision timescale and also the validity
of the pairing-off assumption.

7. TEMPERATURE CHANGES WITHIN THE CLOUD

When the cloud is collapsing there will be several sources of heat within it. Internal sources
include linear wave flow compression of the gas, the heat generated by turbulent collisions, and
radiation from the stars which have been produced in the cloud. Finally there are external sources
which include the background starlight and also cosmic ray heating.
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Cooling processes have been considered by many workers in great detail (see for example
Gaustad 1963, Hayashi 1966, Disney, McNally & Wright 1969, Hattori, Nakano & Hayashi 1969).
At all temperatures cooling by solid grains will be effective and, indeed, if for some reason the gas
cools down to a temperature below that of the grains then the grains will become a heating agent.

The other type of cooling is by the excitation of various ions, Ct, Sit, Fet and Mg*, by electron
collision and by the excitation of atomic oxygen or molecular hydrogen by atomic collisions. At
the temperatures of interest in the present work the oxygen cooling rate is unknown and H,
cooling may be ignored.

The ionic cooling was given by Seaton (1955) in the form

Q, = 1.79 x 104p0H-3{0.58 exp (— 92/0) +5.0exp (—413/0)
+1.7exp (—554/0) +2.2exp (—961/0)} Jkg=ts™, (17)

where, at the temperatures of interest in this study, the first term in the bracket, due to C*
cooling, is the dominant one. McNally (1971) has expressed some doubt about the validity of this
equation at very low temperatures since the atoms providing the necessary ions may then be
locked up in solid grains.

Grain cooling assumes that the grains are at a constant temperature ¢ and that gas molecules
which strike a grain arrive and leave with energies £0/(y—1) and k0g/(y — 1) respectively (in
Hayashi’s 1966 paper these were taken as £6 and £0;). With number densities of hydrogen atoms
and molecules n, and #n, it can be shown that the cooling rate per unit mass is

Qe =

kngr? { ny 1y
p -1 \/ml (va—1)/(2my)

where ng and 7g are the number density and mean radius of the grains, p the density of the gas
and m, is the mass of a hydrogen atom. Values given by Gaustad (1963) and Hayashi (1966) are

| ko)t (00, (18)

g = 0.2pum and ng= 10-18 L
my
We write for the cosmic ray heating rate per unit mass, @, for ionic and grain cooling combined
per unit mass, @y, and for the rate of input of energy from stars and protostars, W;. With the
inclusion of compressional heating and heat produced by turbulent dissipation we find

Mk{ml(vlf—l) 2m11(y2/1—1)}é— 3Mk01?+Ws+M(Qt+Qe Qei), (19)

where  is the proportion by mass of atomic hydrogen in the cloud and where the m which appears
in equation (8) is replaced by
= {ﬁ+ 1- /‘} 2my (20)

2m, T 14 +p°

At this point we note an important simplification. At sufficiently high temperatures the y
values for atomic hydrogen and molecular hydrogen are § and Z respectively. At low tempera-
tures, lower than 20 K or so, the specific heat capacity of H, falls to 3R, the same as the value for
atomic hydrogen since rotational degrees of freedom cease to be involved in the internal energy.

With vy, = v, = § we find from (19) and (20)

()=—2ZR 2m(m+Qt+Qo Qg,). (21)
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One factor which still needs to be included before equations (8), (11) and (21) can be solved is to
allow for the mass of gas which is taken out of the cloud to form protostars. Once a protostar is
formed the only coupling that exists with the surrounding material is through gravitation and its
radiation as given by the quantity 5. However, assuming that all stars stay within the cloud,
we can allow for star formation by replacing M in the last term of equation (8) by AM2/M,
where Mg is the mass of gaseous material, and by replacing M in equation (21) by Mj.

The analysis for the rate of change of temperature is included here for the sake of completeness
but in the calculations which follow a constant temperature has been assumed. With both ionic
and grain cooling, when the density is sufficiently high, say 10-1kgm=3, the temperature
remains fairly constant. This temperature depends on cosmic ray heating, which is uncertain by
about two orders of magnitude, on ionic and atomic coolants, uncertain both in concentration
and effectiveness and on grain cooling, which depends on the grain temperature,

A potentially important source of heating is the formation of hydrogen molecules on the surfaces
of solid grains. However, for this to occur grain temperatures of 7K or less are required (Solomon
& Wickramasinghe 1969) which is below the grain temperatures assumed in this paper and by
most other workers. Since H, formation is temperature sensitive it will tend to be a self-regulating
phenomenon. Excessive heat production by H, formation would raise the temperature of the
grains which would then inhibit further formation of molecules.

Again, no allowance has been made for the effect of opacity in the cloud. This affects the
cosmic ray formation of ionic coolants and also the escape of heat energy formed within the cloud
(Disney et al. 1969). In view of these uncertainties it seemed to contravene the spirit of the simple
modelling being attempted here to include temperature variations. Instead an isothermal model
has been used but calculations have been carried out at several different temperatures within the
range 8-30 K to show that the model behaviour is not critically dependent on temperature (see

appendix A).
\ }
€ d 3 d
KJ () 'y
- X —>»

F1Gure 4. (a) A sphere of gas of diameter d which just satisfies Jeans’s criterion. (b) The sphere compressed by
a plane shock wave. The shaded region represents the largest sphere which may be inscribed within the
compressed volume.

I)

8. CONDITIONS FOR STAR FORMATION

In considering the role of turbulence in the fragmentation of a galaxy, Grzedzielski (1966)
concluded that if a plane shock wave compressed a gaseous fragment which just satisfied Jeans’s
criterion then the fragment would not be induced to collapse. Figure 44 represents a spherical
mass of diameter d which just satisfies Jeans’s criterion so that

1d = 1GMiw [k, (22)

17 Vol. 291. A.
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where M is the total mass of gas and 7 is the average mass of a gas molecule. If the diameter is
greater than d, other quantities being unchanged, then the sphere will expand.

The effect of compression by a plane wave is seen in figure 4. Grzedzielski asserts that the
behaviour of the compressed region depends on the mass and radius of the spherical portion,
shown shaded, of diameter x. Since the radius is decreased by a factor x/d and the mass by (x/d)?
it follows from equation (22) that the compressed gas will reexpand. Grzedzielski then shows
that it would require the concerted action of at least three plane shock waves for the compressed
region spontaneously to collapse.

It is important to stress the difference between Grzedzielski’s model and the present one.
Grzedzielski’s shock wave is a disturbance which passes from one fragment to another, without
causing the fragments to interact in any way. In the present model it is the turbulent motion of
individual fragments which causes them to interact and so to generate shock waves within the
material.

If two turbulent regions collide, even at very low velocity, then it might be thought that this
will lead to a supracritical mass which will collapse to form a star of mass 244;. In isolation this
would be true but other factors have to be taken into account. Turbulent elements will be
constantly breaking up and reforming and the coherence time for the turbulence pattern within
the cloud will be of order ¢ (see equation 15). Unless fragments appreciably collapse in a time Z,
then their material will be restirred back into the cloud. This gives a lower limit for compression
before a star can be formed.

There would also be an upper limit to compression if a Grzedzielski-type argument were
involved. We now interpret figure 44 as the result of the collision of two spheres of material, each
of diameter d. The compression of the gas is given by:

original volume _ (8n/3) (}4)° _ 4d
final volume ~  w(3d)2x  3x°

¢ =

(23)

When we consider the behaviour of the cylindrical mass we shall be a little more precise than
was Grzedzielski. Material at points, such as P, at the edge of the cylinder will move outwards and
a rarefaction wave will move in towards the centre of the cylinder with the speed of sound. The
material at point A at the surface of the shaded spherical volume will be initially stable, or at
least will not move outwards. The critical point in assessing the stability of the whole spherical
region is B. If this moves outwards then the gas will expand; otherwise it will contract and a
protostar will form.

The gravitational field at B is due to the whole cylinder (not just the spherical region as
Grzedzielski implies) and straightforward analysis shows this to be

2

where p, is the density of the compressed gas.
Substituting from (23) gives

By = npyGd[1 +3¢71 = (14 %6-)]. (25)
If the shaded spherical volume alone was present as shown in figure 4 then the field would bhe

Ef = $mp,Gx. (26)
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The result for the whole cylinder at the point B is as though there was only the small shaded
sphere but with its density increased by a factor E/Ey,. Hence, from (22) and (23), the condition
that the mass should be able to collapse is

Gm x\3 E
b S () 2

5k0 2] Ep’
or 2[1+4¢1— /(1 +54472)] > 1. (27)
A solution of this equation gives
¢ < 3.6.

4.0F
Pl

357! ..
0.8 0.9 n 1.0

Ficure 5. (a) The oblique collision of two turbulent elements, each of mass M,, giving rise to the compression of
the shaded material, mass 29M,. (b) The shaded region giving values of ¢ and % which can give star
formation.

While this analysis does give a figure for the upper limit of compression for the formation of a
star it is only an approximate treatment. A constant temperature has been assumed, which can
be defended on the grounds that the cooling time for the compressed gas is very much shorter
than the reexpansion time (Hayashi 1966). Another factor, which favours collapse, is that the
collision would give not a cylinder but rather a distribution of mass with greater concentration
in the central region. For this reason, in numerical work, ¢max has usually been taken as 4.0
which may be thought of as coming from a modified inequality (27) in the form:

21+ 3¢ — (1 +942)] > 1. (28)

A final situation which we consider is that of oblique collisions in which the compressed mass
is less than 2M,. Figure 5a shows the relative motion of two colliding fragments relative to their
combined centre of mass. The compressed material, of mass 29M., is shaded and the equation
corresponding to (28) becomes

2[1+3/dn (1 4+9/¢%)] > 1, (29)
which leads to N> }(12—¢9)/(6—¢). (30)
In numerical work we have usually taken ¢;, = 3.5 which, inserted into (30) gives
7 > 0.85. (31)
We also find from (30) that
) < 12(29—1)/(4n—1). (32)

With 5 = 0.85 we find @max = Pmin = 3.5. For any higher value of 9 there is a range of values of
¢ giving star formation and this is shown in figure 55.
With these considerations in mind we can now approach the problem of finding the rate at
which stars are produced in the collapsing cloud.
17-2
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9. THE RATE OF STAR FORMATION

We have seen that in order to obtain a star by the collision of two turbulent elements the
compression factor, ¢, must satisfy

Pmin < @ < Pmax. (33)

Now consider two neighbouring turbulent elements whose line of centres defines the x direction.
Their velocities #; and u, have equal magnitudes and components with respect to a set of
Cartesian axes (4, 1, %y) and (u,s, U9, %,5). The velocities of the two bodies with respect to the
combined centre of mass are

tw=+= El'(ua:l — Uy, uyl - “yz, Uy — uz2) 4 (34)

The angle, ¢, made by the vector w with the x direction is given by

Cos Y = § [y — tga| /| W] (35)

We have taken the compressed volume (shaded in figure 5a) as a fraction cos ¢ of the total
mass of the two elements. Although this would not be true for spherical elements we recognize
that our elements would be more cylindrical than spherical and the cos ¢ fraction would then
be more appropriate. In accordance with equation (31) this gives the condition that no star can
be produced unless cos iy > 0.85.

The material which is to be compressed moves together as illustrated in figure 3 with speeds w;
the corresponding ¢ is given by equation (14).

The directions of the vectors u; and u, are defined by angles (0, ¢) corresponding to a
spherical polar coordinate system. From these angles and the value of # /¢ we determine whether
or not the conditions for star formation are satisfied. We write

p(01, h1, 04y pg) = 1 if a star is formed (i.e. Ppyy < @ < Pmax), OF

= 0 if a star is not formed.

Then the probability that a particular pair of interacting elements will produce a star is
2w (w27 [T
PE) = [ 7[00 81,00 82 sind, s 0,d0,dp, 00,5,
o JoJo Jo

For very small u/c the quantity p(0,, ¢, 05, $5) will be zero for any direction of motion. For
very large u/c there may be only a restricted range of angles for which (33) is satisfied and P will
be correspondingly small. Figure 6 illustrates the variation of P with z /¢ for two values of y and
with different ranges of ¢. It will be noted that for y = § and ¢max = 4.0 there is no maximum
in the value of P(u/c). When (w/¢) - o0, ¢ = (y+1)/(y—1) which is 4 when ¥ = § and no
matter how hard the collision one cannot obtain ¢ > ¢max.

To estimate the number of stars produced per unit time we first assume that the turbulent
elements interact in pairs. The number of turbulent elements, N, is M /M, where

M, = §mpR3 (37)
and, by modification of equation (22),
15k0 \*}
={—F-]. 38
R (41:771"0,0) (38)
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To estimate the characteristic timescale used in equation (15) we take the time for two turbulent
elements of radius Ry to come together at a speed u, compress gas by a factor ¢ and then reexpand
at the speed of sound, giving

te = 2R;(1—-1/¢) (1/c+1/u). (39)
The rate of star formation now becomes
ds
i INB'P(ufc)/te (40)

where the factor 8, which describes a departure from the assumption of paired-off elements is
similar in origin to B, as defined in equation (16), and is sometimes taken with the same value.

0.16f
012
X 0.08l-
S 008
X L
-
004
|
0

Ficure 6. The probability function P(u/c) for star formation;

— Y = 1‘53) ¢min = 3'05 ¢max = 4"0;
————y Y = r:‘-a ¢mln = 3-5, (]Sm“ = 4.0.

However, the masses of the stars produced will not be 244.. The mass we want is approximately
that mass shown shaded in figure 45, which is

My = Smipy(v/2)8 = 2My o

27g%
Thus with ¢ in the range 3.5-4.0 the mass of the star is of the order of 10 9, of the combined
mass of the interacting turbulent elements. ‘

(41)

10. NUMERICAL CALCULATIONS

The components for the numerical solution of the collapse of a cloud with turbulence and with
star generation are now all assembled. The equations to be used are, for constant 6,

. bkO B¢ GM? ,
R=FR 3R My ()
. 2¢

e==-—ﬁR—2Qt, (11)
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ds
and T YNB'P(ufc)/te. (40)

The starting condition is a uniform cloud of composition fixed by the value of # (equation 19)
with a given mass, M, temperature, 0, and turbulence, ¢;. From x# we find 7%, and the initial radius
is chosen to correspond to density about 10~20kg m~3. The initial collapse speed R is chosen so

that: _ T) & Tt (42)
The pattern of events is not very critically dependent on starting conditions, except that with
too little initial turbulent energy star formation is delayed and only small stars will form (see
appendix A).
The quantity @ in equation (11) depends on ¢; (equation 15) and we may write

gt = %D(u/a) (43)

The dissipation function, D(u/c), is calculated and tabulated before the integration begins and
values are found from the table by parabolic interpolation. The value of # (equation 16) is a
variable parameter of the programme and typical values have been in the range 0.1-1.0.

The steps in the computer programme STARFORM were as follows:

(i) Integrate equations (8') and (11) forward in time by a standard four-step Runge—Kutta
procedure. The total simulated time step, /, for which this is done is such that

Ae < (Ae)e, AR < (AR). and AR < (AR).

where (A€)¢, (AR) and (AR). are preset maximum allowed changes.

(ii) As soon as u reaches the.value which gives ¢ > @max for a head-on collision then the
average value of . in the interval H is used to compute § from equation (40). The number of
stars produced in the interval H is taken as SH, cach of mass M; (equation 41). Because of varying
conditions of collision of the elements, giving different values of 7 and ¢, stars will be formed with
a range of masses but no account has been taken of this.

These steps are repeated until the end of the star formation. This will probably happen in an
actual stellar cluster when radiation from the stars begins to break up the cloud and so prevent
new stars forming (Herbig 1962).

For our present model star formation was terminated either when the stars produced have
masses less than 0.07 Mg, which may be an observable minimum mass although smaller con-
densations may be formed, or when the total number exceeded some preset limit, usually in the
range 400-1000. In fact this latter limit was rarely invoked.

A large number of calculations have been made with different starting conditions. The results
of three of these (parameters in table 1) are shown in figures 7, 8 and 9.

Figures 7a, 8a and 9a show the variations with time of the radius, density and turbulence of
the cloud. The fairly constant rate of decrease of radius is common to all the calculations. In
an unhindered gravitational collapse there is an acceleration of the collapse. However, in our
case, although the temperature has been kept constant, there is a steady build up of turbulent
energy which serves to inhibit a runaway collapse.

In constrast to, and related to, the steady collapse speed there is an accelerating increase in
density and also of the Mach number of the turbulence. The onset of high turbulence induces
star formation and the time at which this happens is shown in the figures. There is a low rate of
star formation prior to time shown but any rate less than 0.5 stars per 1 Ma has been ignored.
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Figures 75, 85 and 94 show the number of stars formed per interval of 2.5 x 105 years and also
the range of star masses produced within that interval. In these calculations the first stars pro-
duced at a significant rate have masses of about 1.3—1.4 My; in some other calculations the first
stars produced are less or more massive than those obtained here but it is rare for the initial mass
to be outside the range 1-2 M.

As the process continues so the mass of the new stars becomes less but the rate of formation
increases. This is consistent with what we see in the lower branch of figure 14 and also in the
rate-of-formation against time relation shown in figure 14. The calculated rates of formation
agree well with observation down to about 1 Ma from the end of the process but, thereafter, the
model gives up to four times the observed rate.

The mass distributions given in figures 7¢, 8¢ and 9¢ are remarkably consistent in giving a mass
index in the range —2.5 to —2.7 and this turns out to be an inherent property of the model
(appendix A). There is, nevertheless, an important difference between the mass distributions
from calculation and from observation. Firstly, the calculations give no stars more massive than
about 1.35 M, which corresponds to most of the range (but not most of the stars) in figure 1c.
The second difference is that the calculations do not give a fall off in frequency for stars of smaller
mass and this is linked with what we have previously noted about the too-great predicted rate of
star formation in the later stages.

One can reconcile the calculations and observations by, what is admittedly, some post hoc
reasoning. For a y of & it has been shown that with ¢max = 4 no collision of elements can be too
violent to form a star. Nevertheless, for a very violent collision there will be considerable heating
and therefore the cooling time may not be completely negligible with respect to the reexpansion
time as has been assumed. This is not only because cooling must take place from a higher tempera-
ture but, of greater significance, because the reexpansion velocity will depend on the enhanced
speed of sound in the heated gas. Consequently the rate of star formation for high turbulent
velocities could well be less than that predicted by equation (40) and may even give a diminution
of rate with increasing u/c for large u/c as is true for y < § (figure 6).

When the present theory of star formation is developed further an attempt will be made to
quantitatively include this effect. For now it seems fair to say that, bearing in mind the rather
simple nature of the model, the agreement with observation is seen to be satisfactory, except for
the formation of the upper branch of the mass-age diagram.

11, MASSIVE STARS: INITIAL CONSIDERATIONS

When a protostar is first formed and separates from the extraneous material of the colliding
turbulent elements it has a density p, = ¢p, where p, is the background density and ¢ the com-
pression ratio. Larsen (1969) has examined the collapse of a protostar of one solar mass starting
with a density ca. 10~ kgm—3 and 6 = 10 K, and his model seems to be the one most appropriate
to our present needs. Its free-fall collapse time is about 7 T's and the central region of the protostar
does collapse on about this timescale. However, the outer material collapses much more slowly
and when Larsen’s star appears on the Hayashi track it is with radius about 2R, and with
luminosity 1.3Lg.

As long as the protostar is moving within the cloud it may accrete material and we are going to
investigate the accretion process to see whether it can lead to stars of large mass.

There are two basic types of accretion mechanism. The first considers the external medium

18 Vol. 2g1. A.
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moving relative to the star at speed ¥ and assumes that all the material deflected by the star’s
gravitational field which strikes its surface is accreted (Eddington 1926). This leads to an accretion
rate for a star of radius r

%‘_t”f = nr(r+2GM/V?) p, V, (44)

corresponding to an accretion radius.

ra = {r(r+2GM/V2)}. (45)

The second mechanism also takes as accreted some material which describes hyperbolic orbits
about the star and forms a high-density accretion column along the downstream axis. A formula
suggested by Bondi (1952) for this type of accretion is

WM _ srrarzp, (72 44, (46)

corresponding to accretion radius
1o = \J2GMV-}(V2 4 c2)-1, (47)
In any particular situation the accretion radius to use is whichever is the larger of 7, and .
We begin by considering a star formed at position A of figure 7. The initial characteristics of
this protostar are:
M =135 My; p, = 3.62p, = 1.77x 10717 kgm~3;

rr=3.3Pmt; 0=8K, ¢%=92x10m2s2

For such a protostar r, > ry for any reasonable values of V' (=~ 1kms™) so that equation (44) is
the correct one to use. However, the escape speed from the protostar, Ve, is 3.2 x 102m s~! and with
the values of ¢2 which pertains there will be a heavy spontaneous loss of material, rather like the
loss of a temporary atmosphere from a low-mass planet. While this will give rise to a substantial
loss of surface material, the bulk of material in the protostar will collapse.

Another effect leading to loss of protostar material may be described as ‘abrasion’. Accreted
material falls on the surface with speed (V2+ V2)} and shares energy with protostar material.
Since V2is many times greater than V2 a nett loss of material may ensue. We can think of this at
a molecular level. An incident molecule will share its energy with molecules near the surface
of the star. Several stages of interaction will be required to thermalize the energy of the incident
molecule and the early interactions will give rise to several molecules with velocity well above
escape velocity. If any one molecule happens to move off in a suitable way and escape then the
loss of mass equals the gain. If two or more molecules escape then the loss exceeds the gain.

The combined evaporation and abrasion effects should depend strongly on just where the gas
stream falls on the surface. Stellar material evaporating from the surface directly facing the
oncoming cloud material will interact with it and so be forced back towards the star. There will
be no such hindrance to escape, and indeed there will be abrasion assistance, where the material
falls on the surface in a direction making a large angle to the normal.

Our conclusion, based for the most part on intuition, is that for a tenous protostar there will
be little mass gain by accretion and there may even be a nett loss of mass.

It might be expected that the abrasion loss will become insignificant when the protostar has
collapsed to a radius, 7an, where _

‘ 2GM [rap = V2. (48)

t 1Pm = 10% m,
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For our present protostar, taking V to be of the same order as #(2kms~') we find 90 Tm. At this
stage the collapse will be fairly rapid but, in any case, the star is close to the state where 7o & 7 and
therefter accretion will be governed by equation (46).

12. STAR GROWTH: A MODEL

The various accretion theories which have been developed assume that the star is moving
relative to a quiescent cloud. Consideration of accretion in a turbulent cloud leads us to the
following set of propositions.

(i) Streams of material falling on the protostar surface at angles to the normal which are not
too great will be directly and immediately accreted.

(ii) Streams of material falling on the surface at a high angle to the normal may ‘bounce’ and
only return to the surface after some time, if at all.

(iii) The accretion column forms in the wake of the protostar and time must elapse before it
joins the star.

(iv) Any material notimmediately accreted suffers some risk of being disturbed by turbulence
and may therefore only partially be accreted.

(v) Because of turbulence, systematic relative motion of cloud material and star is only
possible within a certain distance of the star.

Propositions (i)—(iv) means that the accretion efficiency of a stream of material will depend on
its distance from the central axis. A stream close to the axis might be accreted with almost unit
efficiency while a stream contributing to a remote region of the accretion column might provide
very little accreted material.

In consideration of proposition (v) we note that the coherence length in our cloud is 2R;.
Consequently if we look at the turbulent velocities ©, and u, at two points a distance 2R; apart

we expect
U, —u,|? = 2u2, 49
1

We now propose that for two points a distance r apart

|Au|? = u?/R;. (50)

The distance from the protostar at which a systematic relative motion might be maintained is
that at which the expected energy of the random motion is less than some fraction of the systematic
energy of the stream. For a unit mass of stream material, assumed to have speed V at an infinite
distance from the star, the energy at distance r is

¢, = }V2+GM]/r. (51)

We now find the maximum distance at which systematic motion can be maintained as the
value of 7 satisfying

A » 2, OM
RJu -—oc(%V+ p ) (52)
The critical distance so found is _
R; V2 16GMu>\ % "
Tg—“—z;l—z— {1+(1+W) } (53)

18-2
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When accretion is being influenced by turbulence then the accretion radius, 7¢, would be less
than 75 for a flow pattern to be established and we write

RyV2( (. 16GMu*\}
re = °4J {H(HWH' (54)

In numerical work the values of g and « have been taken as 0.1 and 0.6 respectively; the general
conclusions which follow are not very sensitive to these values but the values were chosen to give
a reasonable match to observation.

When turbulence is not excessive then it may happen that r¢ is greater than rp, the normal
accretion radius defined in equation (47). The accretion radius which is used, 7, is the lesser of
7c and 7.

There is one other factor which needs to be taken into account and which relates to the
difference between the model described here and a non-homogeneous model. At all times, and
especially in the later stages of collapse, the centre of a real cloud would have density higher than
that of the cloud as a whole. The density should be only a function of time but also of position in
the cloud and we write

P1 = fP1; (55)

where frepresents the enhancement factor of density in the vicinity of the accreting star. In the
later stages of collapse this enhancement can be two or three orders of magnitude (Disney et al.
1969) although we shall never use such extreme values.

The final mass of the star is now given as

7
M= My [ wtopi vt (56)
o

where M, is the initial mass of the star and #, and t, the initial and final times. The actual value of
the integral requires many quantities to be specfied as functions of time although the only ones
available to us from the calculations giving figures 7-9 are p,, u and R;.

Calculations have been made starting from various points along the initial mass-development
line shown in figure 75. Along each accretion line, shown in figure 10, the values of V/u and f
have been kept constant although in practice these values would be expected to vary as the
accreting star moved at different speeds through different parts of the cloud material. We may
regard the shown accretion lines as rough guides to possible paths of mass development with
substantial deviations above and below the lines possible and corresponding to fluctuations in
Sfand V/u.

The calculations were made for four values of f, (1, 104, 10, 10%) and five values of V/u,
(3-1, 3-%, 1, 34, 3). The central condensation of the cloud would increase as it collapses so the
maximum value of fis permitted only with accretion lines starting at later times; the total range
of V/u is considered to be available at all times. Although the central condensation may become
very high, f, which is a mean value over the accretion time, is fairly restricted. In the later stages
of the collapse of the cloud stars will be tending to move faster in a cloud of smaller dimensions
and there is very little likelihood that the star could stay within the region of highest density for
an extended period.

A star beginning at point A with mass 1.35 M and accreting along AC with V/u = 3-% and
f = 10% would finish after 4.5 Ma with a mass 2.50 M. However, if at the point X the value of
fbecame and stayed at 10% it could thereafter accrete along the path XJ.
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- On the basis of this picture we might find an accreting star at some stage of development any-
where in the region roughly delineated by the points AMJXA in figure 10. What we do not know
is how to compare these results with those shown in figure 1a. The essential problem with making
a comparison between theoretical and observed mass—time relations in a cluster is knowing
exactly what stage of the theoretical calculation corresponds to the accepted zero-age observation.
The observational zero-age is based on a hypothetical point in the H.-R. diagram obtained
by extrapolating along the constant-temperature part of the Hayashi track and corresponding to
infinite luminosity (Iben & Talbot 1966). However, there is a lack of knowledge of the evolu-
tionary track of a rapidly accreting star in the H.-R. diagram. If there are rapidly accreting stars

6F

®
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2 x

Bl —

G \“\\..\ /A

1. \ D

K ation I ’
nary forma
‘M / pr ma | | 1
0 2 4
time/Ma
F1cure 10. Accretion lines for the model illustrated in figure 7:

line M,/ Mg M,/ Mg f V/u
AB 1.35 1.65 1 3-%
AC 1.35 2.50 10% 3-%
DE 0.97 3.89 10 3-%
FG 0.80 1.50 10 3-1
'FH 0.80 3.00 10 3-%
1J 0.71 6.64 10% 3-%
KL 0.42 1.01 10% 3-1

in a young stellar cluster, but their characteristics are being judged relative to a non-accreting
model, then assumptions about their mass and age are invalid. The problem of the evolution of
a star with mass loss has received some attention (for example Ezer & Cameron 1971) because of
its relevance to T-tauri mass loss. The corresponding problem with mass accretion seems not to
have been treated in any detail although von Sengbusch & Temesvary (1966) have considered
the implication of rapid accretion on the Hayashi theory and they suggest that the theory may
need substantial modification under this condition.

One possible hypothesis is that the time of origin of a star, as determined by its position in the
Hertzsprung—Russell diagram, is to be measured from when it ceases to accrete rapidly. With
this assumption any accretion lines of small slope will not be generators of mass-time points
except near their beginning points but mass-time points may arise anywhere on an accretion
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line of high slope. On this basis it seems possible to interpret figure 14 in terms of the results
shown in figure 10.

There are, of course, many complications in comparison of our present results with the observa-
tions in young stellar clusters. For example, we do not know how a star behaves if it has ceased to
accrete, become firmly established on a Hayashi track, and then begins again to accrete rapidly.
Itis, in fact, quite possible that once the star has become a highly luminous object it will cease to
accrete at all.

For a dust grain the ratio of the force on it due to radiation compared to that of gravity is

3L, 0
= 4nGMe, pa®’
where L, is the luminosity of the star, ¢, the speed of light and p, ¢ and o are respectively the
density, radius and absorption cross section of a grain. With L, = 5Ls, p = 2 x 10%kgm~3 and
other quantities as given previously we find
Z =100/ na?. (58)

For radiation from a source at 3000 K or higher the peak wavelength is about 1 pm and the
absorption efficiency (o/na*) will not markedly differ from unity (Gaustad 1963). Although the
grains form only 1-2 9, of the total mass of the cloud they are so strongly coupled to the gas that
the gravitational field of the star may be partly or even totally nullified.

There are still many observed features which remain to be explained, in particular the gap

(57)

which appears between the two streams of mass development in figure 1a. Nevertheless it seems
fair to say that the major features of the observations have been explained in terms of the present
model.

13. STELLAR ROTATION

A property of stars for which there is no generally agreed explanation is the way in which
their rotational equatorial speeds vary with spectral type, as is shown in figure 11. For stars later
than about F5 equatorial speeds are low. There is a sharp increase in equatorial speeds for stars
carlier than F5 and there seems to be a peak at about the B5 region. We shall now see how the
present model can be reconciled with those observations.

First we consider the collision of two turbulent elements, which are really streams of gas in the
cloud, which are coming together to form a star. In figure 124 these are portrayed as streams of
equal mass, speed and lateral dimension meeting head on a centre-to-centre collision. If the
speed of the gas is uniform across both streams then it is obvious that there will be no angular
momentum in the resulting star. This conclusion is maintained even if one stream contains more
mass or 1s moving with a higher speed.

Now we imagine, as in figure 12, that the streams still move to a head on collision but that
they are offset by an amount z. The offset distance cannot be too great otherwise the condition
expressed by equation (31) will not be satisfied. The two streams now have a nett angular
momentum amounting to zx per unit mass but none of this will be associated with the protostar;
for the compressed material there will be no attendant angular momentum. This is all contained
in the peripheral uncompressed material which plays no part in star formation.

Next we consider the case as in figure 12¢ where the collision is between two oblique streams;
indeed when the speeds of the turbulent elements are high then, for star formation, it is advan-
tageous to have an oblique collision to keep the heating of the compressed material down to a
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suitable level (§ 10). In figure 124 the situation of figure 12¢ is redepicted but this time from the
point of view of the centre of mass of the system. It is seen to be equivalent to the head on collision
of two streams, with some offset of centres and perhaps with differing speeds and densities, but
the conclusion about angular momentum is the same as before. This is an important result: the
interaction of two uniform streams of gas gives no systematic contribution to the angular momentum of the
comgpressed region so produced.

200

1
i

—

100

equatorial speed/km s—1

1 1 | | 1 1
05 BO B5 A0 A5 FO F5 GO G5

spectral class

Ficure 11. The variation of the average equatorial speed with spectral class of star.
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Ficure 12. (a) Head on collision of two streams of gas with similar densities and speeds. (b)) An offset collision.
All the angular momentum of the system is associated with uncompressed material. (¢) Two interacting
streams of gas with non-parallel motions, (d) The situation shown in (¢) referred to the centre of mass of the
gas streams,

In the above discussion the assumption has been that the streams are uniform across their
interacting cross sections. That this is so, or approximately so, cannot be formally justified and
there seems to be no well established theory for the properties of streams of matter in a turbulent
cloud. We see from figure 4 that the condition of uniform motion is necessary only in the central
part of the streams and intuitively this seems to be not unreasonable. However, there is another
mechanism which can give rise to low angular speed for a newly formed protostar. The newly
formed star will have a density only a few times greater than that of the surrounding medium in
which it is embedded. This will imply a strong viscous coupling of protostar to medium: indeed,
the abrasion effect referred to in the previous section implies this. As the star condenses it will be
gaining material by direct impact with accretion radius 7. (equation 45) and also losing material
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by abrasion and evaporation. While these effects are in balance the intrinsic angular momentum
of the protostar surface material would be approximately that of the acquired material.

We can estimate the condition for a balance of abrasion and accretion in the following way.
The material from the central region of the accretion cross section, of radius 74c, will be accreted
whilst outer material will abrade the star. If the speed of onfall of the material on the stellar
surface is v, = mV, ’ (59)
then, by sharing its energy with star material, material in the outer region can eject to infinity
up to (m?*— 1) times its own mass. For equality of accretion and abrasion the accretion part of the
cross section will have radius 7, given by

m2—1
7'12, = _77-2_2— 7':0. (60)

For the stellar radii we are dealing with the accretion radius is given by equation (45) or, from

condition (59),

rd, =1+ —2-%2—{7,
m®  4G2M?
TmEo1 P (61)
This gives rp = ETG/‘;—\{I (62)

and the value of ry is the appropriate one for estimating the angular momentum of the accreted
material. We see that the value of rp is independent of the choice of m. The assumption about the
abrasion of outer material will break down when m becomes small enough, that is when the star
has a small radius, but while the assumption is valid equation (62) will hold.
The angular momentum per unit mass of accreted material is, by equation (B 5) (appendix B),
G*M %

Hn = SRy 7

(63)
If this is the intrinsic angular momentum of stellar equatorial material, which persists when it
collapses to its main sequence radius r,, then the final equatorial speed of the star is given by
G2M?u
= 8R, Vi,

For the model which gave figure 7, when M = M then v = 1.65km s~ and R; = 8 Pm. With
r« = Rg and V between 2kms~! and 4 km s~ the value of Ve is between 41 kms—*and 2.6 km s,
well within the range of late-type stars.

To supplement the above-mentioned cloud-star coupling there are other mechanisms which
can lead to loss of angular momentum of a young protostar. For example, Hoyle (1960), has
postulated that angular momentum transfer can be effected by magnetic coupling. This requires
the material to be sufficiently conducting (ionized) for the magnetic field to be frozen into it, or
at least partially so. The coupling will only be operative when the medium is moving slowly,
which implies a comparatively low density. Hoyle postulated that the coupling would be main-
tained down to a high stellar density but this is because his estimate of the available magnetic
field was unrealistically high (Woolfson 1969). Observation of the polarisation of hydroxyl maser
radiation from star-forming regions indicates fields not greatly in excess of 102nT (Cook 1977).

Vea (64)
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Another mechanism which has been suggested for the removal of angular momentum from
young stars involves the shedding of material which takes place in the T-Tauri stage of the star’s
development.

All in all the idea that a non-accreting star may have little associated angular momentum
seems quite tenable. The basic mechanism of star formation gives a tendency for low angular
momentum in the first place and coupling to the medium, by one means or another, during the
initial stages of collapse plus possible T-Tauri emission effects could reduce the initial angular
momentum still further.

We now turn our attention to the angular momentum of stars which have had substantial gain
of mass by accretion. When the calculations were carried out which included the accretion lines
shown in figure 10 the angular momentum of the accreted material was also found. From the
results in appendix B the total angular momentum may be found as

He 2 (™ “an (65)
T8z )y, R |

This result would be in error in that it does not take into account the vector nature of angular
momentum. As the star accretes it moves from one turbulent region to another and the angular
momentum contributions from each region add vectorially. Thus we should have

_ n 1
-3 my, (66)
k=1
where Hy is the magnitude of the acquired angular momentum in turbulent region £.
The average time taken to traverse a turbulent region, ¢, is given by
tr = 4R;/3V, (67)

ignoring the variation of the right hand side quantities with time. This result comes about by
taking the mean path through a spherical turbulent region of diameter 2Ry as $R;. Proper
allowance is made for the vector addition of H by computing
t (dH\2 (dM\2 . |}
i-{ [ () () ) (%)
where (dH/dM) and (dM/dt) are given by equation (B 5) and by the integrand of equation (56)
respectively.
Before we investigate this equation to see what it will yield in numerical terms it will be useful
to see what observation tells us about the angular momentum of stars as a function of their mass.

The observation of a star of mass A, and radius R, gives its equatorial speed, V,, and assuming
a rigid rotation of the star this translates into an observed angular momentum

where ¢, is the moment of inertia factor, that is the moment of inertia
I = a,M,R:. (70)

To estimate values of a,, the results for the density distribution within stars given by Chandra-
sekhar (1939) were used (appendix C). The values of M,, Ry, V, and o, derived from various
published sources are given in table 2 for stars above one solar mass. The associated angular

19 Vol. 2g1. A.
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momenta, Hy, are shown in figure 13 as a function of M, and it will be seen that except at the
lower end of the mass range a law of the form

Hoc M1 (71)
appears to hold.

TABLE 2. ESTIMATED VALUES OF My, R,, o, AND V},

star type My /Mg R/:Rs Oy Ve/(km s1) H,/(kg m?s-1)
05 39.8 17.8 0.131 192 2.49 x 10%
o BO 17.0 7.59 0.118 203 4.33 x 10%
<[ B5 7.08 3.98 0.084 211 6.99 x 104
! AO 3.55 2.63 0.064 192 1.61 x 104
< A5 2.19 1.78 0.055 161 4.83 x 108
S FO 1.78 1.35 0.053 98 1.75 x 1013
O H F5 1.41 1.20 0.051 30 3.62 x 104
7 29
]
= Q) 47’—
=w °
=l )
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Ficure 13. The observed relationship between the angular momentum of a star Hy and its mass My (full
line). The theoretical points are derived from the model which gives figure 7.

SOCIETY

Figure 13 also shows a representative (and randomly chosen) sample of results calculated from
equation (68). The agreement between observation and theory is surprisingly good and this even
includes the departure from the straight line relationship observed for the lower masses.

It turns out that most accretion takes place at the end of the accretion period because the
density of the cloud increases with time. If most mass, and therefore angular momentum, is
acquired in one turbulent region then the vector addition feature can be ignored and equation
(65) is valid. At the end of the accretion period it is likely that the accretion radius is limited by
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turbulence, as given by equation (54). We then find the general form of the relationship giving

H as My
H= Af {1+ (1+BM)¥2dM
M

Il

LAB(M?— M3) +%{(1 + BMy)%— (1+ BMy)8) + 24 (M, ~ M,). (72)

For large M, this gives Hoc M3,

which agrees with the calculated results shown.

While not too much should be read into the precise numerical agreement — there are too many
uncertainties in the model for that—what does seem significant is the similarity in the form of
relation between H and M even to the extent that the power-law relation breaks down in a
similar way for low mass stars.

14. FREQUENCY OF PLANETARY SYSTEMS

Observations of the proper motions of some nearer stars suggest that they may have invisible
planetary companions. If this is so, and planetary systems are common, then it imposes a fairly
heavy constraint on any theory of the origin of the solar system.

In the capture theory (Woolfson 1964; Dormand & Woolfson 1971, 1974, 1977) planets are
formed by the capture of material from a light, diffuse star by tidal forces during an encounter.
The capturing star is compact and, for planetary condensation to be possible, the encounter must
take place with a centre to centre distance 1} to 2 times the radius of the diffuse donor star.

The capture theory has always assumed that such an encounter would take place within a
young stellar cluster, and the 1971 paper gave an estimate of the frequency of such encounters.
Reference was also made to work by Aarseth (1968) who has used numerical methods to study the
evolution of a cluster and has concluded that encounters would be common, many of them leading
to the formation of binary systems.

"The present model for star formation gives a period at the end of the star-formation process
when stars in the range 0.1-0.5 M are produced on a short time scale and in great profusion.
At this stage the whole cloud will be collapsing rapidly with its radius falling to 10 Pm or even less,

It might be thought that the capture theory mechanism could operate to produce planets as
soon as a diffuse protostar was formed but this is not so; the protostar must first attain a density
such that a captured fragment of itself could collapse to form a planet. Thus, from Jeans’s
criterion, we find that to produce a planet of mass five times that of Jupiter from a protostar of
mass $Mg requires a stellar radius less than about 25 Tm.

We now consider a protostar of mass m and radius » moving with speed ¥ relative to a compact
star of mass M. For a passage at nearest distance fr the interaction parameter, D, is given by

D? = (fr)2+2G(M+m) friw=2, (73)
and the interaction cross section for a nearest approach between f,r and fy7, (f; > f2), is
n(Di—D§) = n(f1-SD) 7+ (L —So) 20G(M+m) r W2, (74)

If the protostar maintains the radius r for a time ¢ then the interaction volume for planetary
formation swept out by its passage will be

@ = {(f1-/3) r*+ (i—fo) 2G(M +m) r W2} m V1, (75)

where V is the speed of passage through the cloud.
19-2
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With N light protostars the total volume of space swept out for planetary forming interactions
is N@Q and the probability that a particular condensed star will acquire planets is

NQ

P=g g (76)

where R, is the radius of the cloud.

During the final stages of the collapse of the cloud turbulent velocities have risen to about
5km s—! and protostars, formed by the oblique collision of turbulent elements, will have speeds,
V, of this order. The more massive and condensed stars produced earlier, which happen to have
fallen in towards the centre, as their motions tend to direct them, would also have accelerated to
speeds of about 5 km s~ and this gives an estimate for W of \/2V(~ 7kms~!). Estimates of other
quantities are:

fi=2, fo=15, r=20Tm, M=2x10¥keg, m=>5x10¥kg,
t=10Gs, N=500 and R, = 10Pm.

Substituting these values in equations (75) and (76) gives P = 2 x 105, Given 10-100 con-
densed stars within the central cloud region this gives a probability of 10~4-10-2 per cluster for
the formation of a planetary system.

We should examine these results in the light of general expectations, beliefs and observations
about other planetary systems. There is a prevalent view that planetary systems somewhat like
the solar system are quite common and this is coupled with the idea that other centres of life
probably exist. Whether this is based on evidence rather than man’s hopes based on a gregarious
instinct is much to be doubted. However, to be reassuring to this wish, the present results do
indicate that planetary systems formed by the capture mechanism will be common. With 101
stars in our own galaxy there should be of order 108 planetary systems.

Recent observations, summarized in a paper by Abt (1977), suggest that the great majority of
stars have invisible comparisons. This may well be true. The very large number of stars of low
mass, including perhaps small unobservable mass condensations, predicted by the present model
have a comparatively small probability of a capture type interaction but this is because of the
limited time they spend as diffuse objects. The amount of time they spend as more compact
objects, in the dense environment of the cloud just before it begins to disperse, is much larger.
The work of Aarseth (1968) suggests that many of them will become associated with each other
and with more massive stars as binary or even more complex multiple systems. There will be a
sharp distinction between the mode of origin of this type of system and that of a planetary system
and there is no continuum of interaction pattern between the two extremes.

In his paper Abt has noted a range of mass ratios for the components of binary systems and has
found a systematic variation of frequency with mass ratio. He concludes that the cut-off in mass
ratio is due only to observational difficulties and by extrapolation he deduces the probable
frequency of planetary systems. His conclusion is that virtually all stars are multiple systems. The
validity of that extrapolation is challenged by the model we are suggesting here. Recently there
have been doubts expressed as to the reliability of the observations on which Abt has based his
ideas and it seems reasonable, for more than one reason, to discount his conclusions.

Once again it must be stressed that the numerical results given in this section are indicative
only. The idea of a homogeneous cloud with a finite boundary is quite unrealistic and it must be
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considered as a first order approximation. With a more detailed model now under development
different numerical results should be found. Nevertheless even changes of one or two orders of
magnitude in the numerical value will not change the general conclusions which have been drawn.

15. CONCLUSION

In the basic idea presented here for the origin of stars in a cluster there is nothing very novel.
Clouds of cold gas with turbulent motion are very much the accepted hypothesis for the origin of
stellar clusters. Recent observations of water and hydroxyl maser emission are thought to be
associated with star formation; hydroxyl maser sources are found coming from regions of typical
diameter 0.1-10 Pm with elementary sources, presumably individually forming stars, of radius
0.1-10 Tm. There are Doppler shift velocities recorded from different parts of the cloud with
magnitudes of the order of 20 km s~! which are comparable with the turbulent speeds given by
the present model at the end of, and just after, the star forming period. A full account of celestial
maser sources and their properties is given by Cook (1977). All in all, current ideas, the maser
observations and the present model are mutually quite consistent.

The imperfections of the model have been stressed previously. Inevitably, in order to make
progress, models are kept as simple as is compatible with reasonably representing the various
aspects of the system under investigation. Later, more complex models may be constructed but
even with a simple model it is possible to interpret aspects of it in realistic terms. For example,
where we have considered a homogeneous model with a sharp boundary moving inwards we
know, from other considerations, that there will actually be density variations with, in general,
a higher density in the centre. A sensible interpretation of the sharp boundary would be that it
represents a surface which contains a large proportion of the mass, say 90 9, or so, and this surface
might well behave similarly to the boundary of the simple model.

In presenting the results of this paper, and in particular in comparing results from the model
with observation, it is important to be clear how the results came about. It would be pleasant to
record that, starting from some well-founded initial point, there was a logical and inevitable
process which led to the numerical results which compare so well with observation. Unfortunately
thiswas not so. Rather it was that the model was developed with one eye on the observed quantities
and when a match between theory and observation was unsatisfactory then the model was
examined to see what modification could give better agreement. The details of the model owe
more to post hoc than to ab initio considerations.

A pleasing feature of the model is the significance of F 5 type stars in both the mass-age corre-
lation diagram, figure 1, and also the equatorial speed relation illustrated in figure 11. The
concept of accretion growth, as distinct from the original low angular momentum mechanism,
gives a simultaneous explanation of the characteristics of two different observed relationships.
Incidentally, in respect of angular momentum, there was a departure from the general rule of
post hoc reasoning. The model gave angular momentum roughly proportional to the square of
the mass for the more massive stars and then, and only then, was the relationship found as
illustrated in figure 13.

The stellar rotations given by the present model are completely random in direction since they
depend on the addition of streams of material coming from various directions. A point of difficulty
of many previous models is that their stellar rotation is derived from the angular momentum of a
nebula which is itself part of a cloud possessing the intrinsic angular momentum of the galaxy.

19-3
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Such a starting point would tend to give the individual stars of a cluster highly correlated
rotations.

Earlier in this paper it was recorded that the theory to be developed would bear a resemblance
to the floccule theory described by McCrea (1960). In McCrea’s theory the turbulent elements
are of planetary size and the stars are synthesized by the combination of many such elements. The
difficulty with this idea is that the individual turbulent units are unstable under Jeans’s criterion
and it is difficult to see how a stable stellar mass can be created. For small bodies, of planetary
size or less, it seems more reasonable to ascribe their origin to the break up in some way of a larger
body of stellar mass which itself could have formed by the gravitational collapse of low density
material. When such material has collapsed to a sufficiently high density then portions of it can
form large planets and the concentration of solid material in these, in its turn, can give rise to the
rocky bodies of small planetary size and less.

Itis claimed that the ideas presented here and elsewhere for the formation of stars, planets and
satellites are totally consistent with observation and can be linked to simple and well understood
dynamical mechanisms, including tidal interaction. Again the probabilities of the events
described, as deduced from normal statistical principles, give no cause for concern.

The author wishes to express gratitude to the referee of an earlier version of this paper for
pertinent criticism and a number of constructive suggestions. These led to substantial modifica-
tion and improvement of the sections dealing with accretion and angular momentum and
beneficial changes in many other sections.

AprPPENDIX A. BASIC CHARACTERISTICS OF THE MODEL

The mass of stars first formed and the mass index have been found to vary comparatively little
with different sets of input parameters. That this should be so can be confirmed from the general
form of the equations used.

When stars are being produced in reasonable numbers R is very small and turbulent energy
greatly exceeds the thermal energy of the cloud. Thus, from equation (8) we have

R~ 3GMJe., (A1)

where €. is the value of 42 when star formation begins. From R we find the mean density of the
cloud and then, from (37), the mass of a turbulent element. This leads to

M, = {3¢2/yec)t M. (A2)

For star formation to begin we need €. &~ 50¢2 and we can see that M, is independent of the cloud
temperature and is given by

Mo~ Tx 103 M. (A3)
The mass of the first star produced is, from (41), about 0.16 Mcor ~ 10-3 M. With M = 3 x 1033kg
this corresponds to about 1.5 M. This will be an overestimate since the value of R given by (A 1)
is too large. The mass of the first stars does strongly depend on the total mass of the cloud. The
masses used in these calculations were taken on the basis of having a few times the total expected
mass of stars. However, we may also note that a Jeans critical mass for a hydrogen cloud of density
10-20kgm=3 and 6 = 10K is 2.4 x 103 kg and a wide variation in the mass of clouds giving a
galactic cluster may not occur. The final number of stars in a cluster may depend less on the
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initial mass of the cloud than on the time of appearance of the first O or B star which will disperse
the cloud.

To investigate the mass index given by the model we shall first consider the terms on the right
hand side of

& B Pt (40)
We have, approximately, Noc M3, (A4)

where M, is the mass of the stars being formed and from (39) and (38) we find for > ¢ that
teoc p—i. (A5)
It is difficult to find a simple expression for P(u/c) but
P(u/c) = a+ bet (A6)

will fit reasonably well over the range of interest for y = $.
In the turbulence equation (11) the right hand side is usually dominated by the first term so
that, ignoring @y, we may deduce

coc R, (A7)

Finally we use M, o p~3, (A8)
and poc R73, (A9)
to find that (31'—5 = aM-2+bM-3. (A 10)

Since we are interested in the number of stars per unit mass range we write

dS dS dM, dR

T-TL AR @ o (A11)
It is readily found that %—A};& o« M} (A 12)

and we have seen in figures 74, 8a and 94 that dR/d¢ is sensibly constant over the period of star
formation. The reason for this is that the collapse of the cloud is not so much gravity controlled
as turbulence controlled. If turbulence is low then collapse will accelerate, and turbulence is
generated as in equation (11). The turbulent pressure then slows down the collapse and less
turbulence is generated. This negative feedback mechanism makes the model particularly
insensitive to the initial turbulence fed into the system as long as it is not too little. Excessive
turbulence is quickly removed by dissipation and cooling but it can only grow by the collapse of the
cloud. With too little initial turbulence the first stars are produced with a high cloud density and
therefore with low mass.
Accepting that dR/d¢ is constant we find from (A 10), (A 11) and (A 12) that
ds

7 AMF+bME® (A 13)

or, integrating with sensible boundary conditions,

S = K, M;4+ K, M2, (A 14)


http://rsta.royalsocietypublishing.org/

L\

A

<
-
3~
olm
~ =
k= Q)
O
= uwv

PHILOSOPHICAL
TRANSACTIONS

’\
s
A

THE ROYAL

PHILOSOPHICAL
TRANSACTIONS

0\

SOCIETY

OF

A

9

OF

Downloaded from rsta.royalsocietypublishing.org

250 M. M. WOOLFSON

where K; and K, are negative and positive quantities respectively. The second term is the
dominant one and the effect of the first term is that, if a best match is sought with

S = KMg, (A 15)

then @ < — 2. Since this type of numerical matching is not commonly met the reader may find
it instructive to confirm that 0.9x~22 is a better match than 0.9x~2 for the function x~2— 0.1x~!in
the range x = 1-5.

We thus see that a mass index of — (2 +«), with « of order 0.5, is an expected outcome of the
model.

Ficure 14. The accretion cross section at some distance from the accreting star. V is parallel to Oz and it is
assumed that # has constant direction, but not magnitude across the section.

APPENDIX B. ANGULAR MOMENTUM CONTRIBUTION OF ACCRETED MATERIAL

Figure 14 represents the circular cross section of radius 7ac through which all accreted material
passes on its way to the protostar. The average speed of the material relative to the protostar is V,
directed along Oz. The associated angular momentum depends not on V but on the differential
speed across the accreting area. Sometimes the growing star will be embedded in a fairly uniform
stream and will be acquiring mass but little angular momentum. At other times it will be in the
region between turbulent elements and within a very high velocity gradient. We shall take the
time average of the gradient as W = Ju/R;. (B1)

Over the accretion region, which is usually small in dimension compared with Ry, we may take
u to be constant in direction. The axis Ox in figure 14 represents the direction within the plane of
no variation of « and hence Oy, orthogonal to Ox, is the direction in the plane in which the
gradient varies most rapidly.

If u is the turbulent speed at O then that at P will be given by

up = u+p(1—sin26 sin? g)tu’, (B2)

where pis the distance OP and the direction of u is given by the spherical polar angular coordinates
(6, 9).

The angular momentum per unit time associated with the material passing through the
circular area is

Hi = 2pV cos O(1 —sin® 0 sin? g)d o’ f " g2, — p)hdp
0

= InpVri,u cos (1 —sin? Osin? §)2. (B3)
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The angular momentum per unit accreted mass is then
Hpy = 32,4’ cos (1 —sin2 0 sin2 ¢) 3. (B4)

To find an average magnitude of Hy, we need to average the magnitude of the (6, ¢) dependent
part of (B4). This can be done on the assumption that 6 and ¢ are random variables but this
would not be realistic. On the whole 6 tends to be small, that is to say that a strong component
of Vis the actual turbulent flow of the cloud material. An estimate of } is used for the magnitude

of the (6, ¢) term giving
H = 451%,u/R;. (B5)

ApPENDIX C. MOMENT OF INERTIA FACTORS OF MAIN SEQUENCE STARS

Chandrasekhar (1939) gives for main sequence stars of various mass the proportion of the
radius, £*, within which is contained 90 9, of the stellar mass. From this information alone it is
possible to make a good estimate of a,., the moment of inertia factor which is used in table 2.

The value of £* has been used in conjunction with three models of density distribution within
the star:

(a) p = poexp (—hr)

(6) p = poexp (—pr¥)

pl r < é*R*s

@ p= {Pz E*Ry <7 < Ry

The values of £, p and p, are deduced from the value of £* and the values of «, may then be
found by straightforward analysis.

The results are shown in table 3. While the actual values of «, depends on the model used it
turns out that the relative values, as functions of mass, are not very different. In the table this is
illustrated by the columns 1.16 (o), (otg), and 0.893 (o), Since the theoretical values of H
(equation 68) are proportional to several quantities uncertain by much more than 10 %, any of
the model-derived values of o, may reasonably be used. In table 2 the values are those deduced by
interpolation from the column 1.16(e), in table 3.

TABLE 3
star mass/ Mg £ (otx)a (ctw)p (x)e 1.16 (xx)s  0.893 (ay),
VV Cephei ~ 40 0.64 0.113 0.132 0.145 0.131 0.130
V Puppis 18.6 0.615 0.104 0.121 0.133 0.121 0.119
41 Scorpii 12.0 0.58 0.093 0.108 0.118 0.108 0.105
¢ Aurigae 8.1 0.53 0.078 0.090 0.100 0.090 0.089
Sun 1.0 0.40 0.045 0.051 0.066 0.0562 0.059
Sirius A 2.3 0.40 0.045 0.051 0.066 0.052 0.059
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